Abstract Several regions of the world have abundant oil shale resources, but accessing this energy supply poses a number of challenges. One particular difficulty is the thermomechanical behavior of the material. When heated to sufficient temperatures, thermal conversion of kerogen to oil, gas, and other products takes place. This alteration of microstructure leads to a complex geomechanical response. In this work, we develop a thermoplasticity model for oil shale. The model is based on critical state plasticity, a framework often used for modeling clays and soft rocks. The model described here allows for both hardening due to mechanical deformation and softening due to thermal processes. In particular, the preconsolidation pressure-defining the onset of plastic volumetric compaction-is controlled by a state variable representing the kerogen content of the material. As kerogen is converted to other phases, the material weakens and plastic compaction begins. We calibrate and compare the proposed model to a suite of high-temperature uniaxial and triaxial experiments on core samples from a pilot in situ processing operation in the Green River Formation. We also describe avenues for future work to improve understanding and prediction of the geomechanical behavior of oil shale operations.
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Introduction
In situ processes for converting oil shale to useful hydrocarbon products involve heating the source rock to high temperatures (300-350°C) over moderate periods of time (weeks to months) (Ljungstrom 1953; Berchenko et al. 2006; Burnham et al. 2011 Burnham et al. , 2012 Kaminsky et al. 2014) . The resulting conversion of solid kerogen to oil, gas, and other products can have a significant impact on the strength and deformation behavior of the rock. At the microscale, solid kerogen is converted to new solid, liquid, and gaseous phases, fundamentally altering the microstructure of the material. As a result, significant weakening, accompanied by large, irreversible strains, may take place (Closmann and Bradley 1979 ; US Bureau of Mines 1981; Mraz et al. 1983a, b; Duvall et al. 1983 Duvall et al. , 1985a Eseme et al. 2007 ). These deformations can impact wellbore stability, reservoir compaction, and permeability. A predictive understanding of these thermomechanical processes is therefore a key prerequisite for designing efficient oil shale recovery processes and ensuring environmental safety. This work describes a thermoplasticity model for oil shale. The model is based on a critical state plasticity framework, a general class of material models often used for clays and soft rocks (Schofield and Wroth 1968) . The model described here allows for both hardening due to mechanical deformation and softening due to the thermal processes. In particular, the preconsolidation pressuredefining the onset of plastic volumetric compaction-is controlled by a state variable representing the kerogen content of the material. As kerogen is converted to other phases, the material weakens and plastic compaction begins.
The organization of the paper is as follows. First, Sect. 2 provides a brief overview of the experimental testing program, focusing on key thermomechanical observations. These observations motivate the particular constitutive model described here. Section 3 then introduces a simplified compositional model that is used to estimate the evolution of kerogen content and other constituent phases as a function of the time-temperature history applied to the material. Section 4 then presents a specific thermoplasticity model that can describe the stress-strain response of oil shale under a wide range of thermal and mechanical loading paths. Section 5 compares the proposed model to the suite of high-temperature uniaxial and triaxial experiments. The remainder of the paper then describes avenues for future experimental and modeling work to improve the understanding and prediction of the geomechanical behavior of oil shale formations.
Experimental Program
The material modeling work described here was motivated by a large suite of experiments performed on oil shale core recovered at a pilot in situ processing operation near Rifle, Colorado. Approximately 12 m of core was recovered from the Garden Gulch member of the Green River Formation, sampling oil shale grades from 2 to 60 GPT (Gallons Per Ton). Sub-cores have been used for a variety of chemical, thermal, and mechanical tests. This includes triaxial and uniaxial compression tests under controlled heating up to 410°C. Selected experimental data will be presented in Sect. 5. This data set provides significant insight into the mechanical behavior of oil shale as a function of both grade and temperature.
To illustrate some of the observed complexity, Fig. 1 provides before and after photographs of two cores heated to 300°C and exposed to multiple triaxial load cycles. Most cores used in the testing program were 1 inch diameter, and they were cored either parallel or perpendicular to the bedding plane in order to gain insight into anisotropic behavior. The richer 45 GPT core exhibits ductile compaction, while the leaner 13 GPT core exhibits a brittle failure mode. The influence of the bedding plane anisotropy is also more apparent in the leaner sample, though even the richer core exhibits delaminations along the bedding interfaces that may have occurred during the unloading process.
Compositional Changes During Heating
The mechanical behavior of oil shale is affected both by temperature (as it softens kerogen and other solid phases) and by the extent of pyrolysis (as kerogen is converted into coke and progressively lighter hydrocarbons). These transformations have a dramatic impact on the microstructure of the material, and an understanding of this process should be reflected in the material model.
In this work, we employ a compositional model to estimate the mass fractions of individual components at any time given a prescribed time-temperature history. The model is based on highly simplified stoichiometry and kinetics, but provides a reasonable approximation to the complex reality of the system. The underlying basis for this model is data described in Le Doan et al. (2013) and Burnham and McConaghy (2014) . The ''components'' tracked by the model include: mineral (i.e. clays, silicates, and carbonates), kerogen, water, coke, bitumen, heavy oil, light oil, and gas. The mineral phase is taken to be nonreactive, and we neglect pyrolysis water. Also, the descriptions ''light oil'' and ''heavy oil'' are used here in a relative, rather than absolute, sense.
The organic reactions are simplified as follows. The thermal conversion process is lumped into three simplified, independent parallel reactions representing the progressive formation of bitumen, heavy oil, and light oil. Figure 2 provides a schematic description of the approach. Stoichiometry is separated from kinetics. The product composition at any given time and temperature is merely a weighted average of the products from the three independent reactions. It is much easier to fit the available data this way than by fitting the kinetics of reactions in a more mechanistic manner.
Kinetics for kerogen conversion to nonvolatile bitumen were determined by fitting the remaining rock-eval potential from extracted spent shale samples (Le Doan et al. 2013 ) to three parallel reactions (using an Arrhenius relationship with frequency factor A ¼ 1 Â 10 14 s À1 and primary activation energy E a ¼ 53:5 kcal/mol). Conversion occurs over a calculated vitrinite reflectance (Sweeney and Burnham 1990) range of 0.4-1.0 %R o . Heavy oil is defined as that formed during rapid pyrolysis, and in this case has a specific gravity of 0.88. Its generation along with co-generated gases is represented by a simplified five-parallel-reaction model (A ¼ 5:6 Â 10 14 s À1 , primary E a ¼ 56 kcal/mol). This reaction occurs over a calculated maturity range of 0.6 to 1.2 %R o independently of kerogen conversion to bitumen, which is equivalent to saying that heavy oil is generated with the same rate law from kerogen and bitumen. Conversion to light oil (specific gravity 0.82) and associated gases was calculated using pseudo nth-order kinetics derived from expelled oil from a semi-open reactor (Le Doan et al. 2013 ) (A ¼ 2:1 Â 10 9 s À1 , E a ¼ 42:4 kcal/mol, n ¼ 0:6). These kinetic parameters actually represent a mixture of chemical reaction and mass transport processes and are valid over the narrow range of our conditions. Improvements in separating those contributions for broader applicability are possible (Burnham 2015) . Conversion to light oil occurs over a calculated maturity range of 0.7-1.4 %R o . Figure 3 illustrates a typical model prediction based on one of the time-temperature loading profiles employed in the multi-temperature triaxial experiments. As the sample is heated above roughly 300 C, a rapid cascade of pyrolysis, cracking, and coking reactions transforms the kerogen to downstream products. The stress-strain model described later relies on this phase conversion model to connect microstructural changes with macroscopic behavior (e.g. plastic softening). 
Constitutive Model Formulation
Modeling the coupled hydro-thermo-mechanical (HTM) behavior of oil shale requires two major components. The first is a series of continuum conservation equations describing the balance of linear momentum, mass, and energy for the geologic system being modeled (Fan et al. 2010 ). The second is a series of constitutive equations describing the HTM response of a material point within that system. Constitutive equations are introduced to close the conservation equations, providing physical relationships between the primary variables-e.g. displacementand important secondary quantities-e.g. stress. This work is focused on developing a constitutive model for the stress-strain response of oil shale under different loading and unloading processes. The model described here captures a number of key mechanisms, including:
1. Elastic response-including stiffness degradation during heating. 2. Plastic response-including mechanical hardening and thermal softening. 3. Microstructural changes-including phase-conversion impacts on strength.
Before beginning, however, we note that there are several aspects of oil shale behavior that are not included in the current model. These include:
1. Anisotropy-bedding-parallel vs. bedding-perpendicular behavior. 2. Finite-deformation-accounting for large deformation effects. 3. Rate-dependence-time-dependent response due to viscous and/or poromechanical processes.
Depending on the particular situation being studied, these latter effects may be important. Figure 1 , for example, provides experimental evidence that bedding planes can have a strong control on failure mechanisms, particularly for weakly confined specimens. Here, we have focused on an isotropic approach as a first step towards a more complete model. The model described below can be used as a good basis for an anisotropic extension, as discussed in Sect. 6. Similarly, when studying wellbore closure potential, finite deformation effects may be crucial. The small-strain formulation described here should then be extended to the finite deformation regime. These limitations are the subject of ongoing work.
Stress and Strain Decompositions
In this work, we adopt a small-strain framework, in which the total strain is given by the symmetric-gradient of the displacement,
We further assume that the total strain can be additively decomposed into three components,
representing elastic, plastic, and thermal components of strain. The effective stress rate depends on the elastic strain rate as
where C e is a fourth-order tensor of elastic tangent moduli. The thermal strain rate is 
where a is an isotropic thermal expansion coefficient. Here, we adopt the sign convention that compression is positive. The material model described here is a two-invariant model. Specifically, the effective stress tensor can be additively decomposed into volumetric and deviatoric parts as
where
Here, 1 is the second-order identity tensor, and trðÁÞ is the trace operator. The two stress invariants p 0 and q provides measures of volumetric mean stress and deviatoric stress, respectively.
Similarly, the elastic strain tensor can be additively decomposed into volumetric and deviatoric parts as e ¼ 1 3
The scalars e v and e s provide measures of the elastic volumetric and deviatoric deformation, respectively.
Elasticity
Using the two-invariant decomposition, the elastic formulation becomes particularly simple. For a linear elastic material, 
where K and G are the (drained) bulk modulus and shear modulus for the solid matrix. In terms of the Young's modulus E and Poisson ratio m,
Using the additive strain decomposition described above, the linear elastic relationship can be expanded as,
For the oil shale material under consideration here, experimental observations suggest that the elastic constants have a strong temperature and grade dependence (Closmann and Bradley 1979; Mraz et al. 1983a) . Figure 4a shows a typical stiffness response measured in a multitemperature triaxial experiment. There is a dramatic decay of stiffness with heating in the 20-300°C temperature range. Note that no significant pyrolysis is expected at these temperatures, and so this effect is likely due primarily to softening of the kerogen phase rather than kergoen conversion. Upon cooling the material rebounds to close to its initial ambient stiffness. Figure 4b compiles the same data across multiple samples and grades. In general, leaner samples exhibit a stiffer response than richer ones, but all samples exhibit a substantial degradation in stiffness.
Based on these observations, we employ the empirical model,
where E 0 , E 1 , m 0 , and c are model constants. For a given grade, the Young's modulus decays from E 0 at DT ¼ 0 to E 1 at DT ¼ 1, with a stiffness decay rate controlled by c. This model assumes the Poisson ratio remains constant, and the entire temperature and grade dependence is reflected in Young's modulus. In the experimental observations, significant scatter was observed in Poisson's ratio, and no clear trend could be discerned. The sample deformations were often non-uniform-with radial strains varying across the sample height-complicating the Poisson ratio estimation. The original experimental program included elastic constant measurements up to 410°C, but experimental challenges and some uncertainties have complicated their interpretation. In particular, the unloading rate on these latter experiments were too high, resulting in higher-than-expected stiffness due to poor drainage and/or viscous effects. In the next phase of experimental work, we are more carefully designing the loading and unloading protocol to better distinguish steadystate stiffness from rate-dependent processes.
The temperature dependence in the current model is instantaneous and reversible. If a sample is heated and then cooled, it will recover its original elastic stiffness at the cooler temperature. This behavior is reflected in Fig. 4a , in which stiffnesses was largely recovered upon cooling. The thermal cycle appears to have a much larger, irreversible impact on the plastic response. More substantial changes in stiffness may be observed once pyrolysis begins, when the fundamental microstructure of the material is altered. It is doubtful that a substantial recovery of elastic stiffness on cooling should be expected in this situation.
Plasticity
Three main components define the proposed plasticity model:
1. A yield surface bounding the elastic region and defining the stress states for which plastic deformation is expected. 2. A plastic potential describing the direction of plastic flow and the dilative or compactive nature of plastic strains. 3. A hardening law describing the growth (or shrinkage) of the elastic region due to mechanical or thermal processes.
Yield Surface
The elastic region is formally defined by the set
where p c is an internal state variable (the preconsolidation pressure) and f is a scalar yield function. The state variable p c controls the size of the elastic region, and provides a mechanism by which the material can harden or soften due to plastic deformation (Roscoe and Burland 1968; Schofield and Wroth 1968; Borja and Lee 1990) .
The yield surface (isosurface where f ¼ 0) is divided into two parts (Fig. 5) . Let M be a material parameter, and consider the stress ratio q=p 0 measuring the relative magnitude of shear and volumetric stresses. The yield function is defined as
where f s is a linear surface representing a brittle shear failure mode, and f c is an elliptical cap for which ductile yield and compactive hardening is expected to occur. The shear surface is parameterized as
while the elliptical cap is parameterized as
The shear surface corresponds to a Drucker-Prager type model (Drucker and Prager 1952) , while elliptical caps are used in many cap-plasticity models, notably modified CamClay (Roscoe and Burland 1968) . This two-part yield surface reflects the brittle-ductile transition often seen in geomaterials. At low confining stress (high q/p 0 ratio) materials tend to fail in a brittle mode, accompanied by volumetric dilation. In contrast, at higher confining stresses, materials tend to compact and exhibit ductile hardening.
We note that the proposed surface is non-smooth, containing sharp vertices at the apex of the Drucker-Prager cone and at the brittle/ductile surface intersection. These vertices require special treatment in the model implementation.
Plastic Potential
Let g be a non-associative plastic potential. The plastic strain rate follows the flow rule, 
where _ k is a plastic multiplier. Using the two invariant decomposition, the equivalent relationships hold (Borja 2013) 
Here, we make the particular assumption
where b is a non-associativity constant-though one that may take on different values depending on whether the shear or cap surface is active (b s , b c 2 ½0; 1). The introduction of b s is motivated by typical observations of the shear behavior of geomaterials, for which associated plasticity models (b s ¼ 1) tends to overpredict plastic dilation. The non-associativity parameter b c is introduced to correct the overprediction of dilational strains that an associative model would produce during plastic deformation at the cap. We believe, however, that this overprediction is primarily controlled by the anisotropic nature of the material. The introduction of b c is therefore a crude fix to an isotropic model that would be better addressed by a truly anisotropic model. This is a clear direction for improvement of the current approach.
Hardening Law
The last ingredient in the model is an evolution law for the internal state variable p c (the preconsolidation pressure) quantifying the size of the yield surface at the current state of the material. Both mechanical deformation and thermal changes can impact the preconsolidation pressure (Laloui and Cekerevac 2003) , and lead to a hardening or softening of the material. Figure 6 provides a typical illustration of the observed hardening/softening behavior of oil shale during a consolidation test. At point (1) the sample is under an initial load and heated to 380°C, after which the uniaxial load is increased. From (1) to (2) we observe elastic compaction, followed by plastic compaction from (2) to (3). From (3) to (4) the sample is unloaded elastically, following approximately the same slope as the elastic loading portion from (1) to (2). From this first loading cycle, we may infer that the preconsolidation pressure began at point (2), but mechanical hardening has increased the preconsolidation pressure to (3). Upon unloading, the preconsolidation pressure should remain at (3).
From (4) to (5) the sample is heated to 410°C, resulting in thermal volumetric expansion. A second uniaxial loading cycle is then initiated. From (5) to (6) we observe elastic compaction at approximately the same slope as (1) to (2), suggesting that the relative elastic stiffness degradation between these two temperatures is not substantial. The sample then shows a clear indication of yielding at (6) and the onset of plastic compaction from (6) to (7). Without thermal heating, we would expect the sample would have to have been loaded to the previous maximum load, at (3), before plastic compaction should begin. We therefore infer that thermal heating has softened the preconsolidation pressure from (3) to (6) during the heating process.
The sample is then unloaded from (7) to (8), and several repeat cycles of loading and unloading are performed. Hysteresis loops are observed, suggesting that the material is experiencing rate-dependent effects due to viscous behavior and/or drainage effects. Nevertheless, we observe that these loops are largely repeatable and that no further plastic compaction is generated. This suggests that the preconsolidation pressure was hardened from (6) to (7) during the first loading cycle, and this pressure would need to be exceeded before further plastic compaction could be observed. From (8) to (9) the sample is cooled, resulting in thermal volumetric contraction.
Based on the entire suite of experimental observations, we propose the following evolution law for the preconsolidation pressure:
This hardening model consists of three terms. The first governs the hardening of the preconsolidation pressure with increasing volumetric plastic strain, at a rate governed by model parameter H v . The second captures the softening of the preconsolidation pressure as the sample temperature 
(5) (6)
(9) Fig. 6 Consolidation behavior observed during a multi-temperature uniaxial compression test. Color bar indicates temperature in°C (color figure online) is increased. The third is introduced to capture a much more rapid softening behavior observed when pyrolysis conditions are reached. Here _ k\0 is the rate of kerogen conversion inferred from the compositional model described in Sect. 3. As kerogen is lost, the preconsolidation pressure shrinks to reflect the weakening of the microstructure.
Comparison with Experimental Data
We now compare the proposed model against available uniaxial and triaxial experimental data. Figure 7 shows results from three ambient temperature uniaxial compression experiments on lean (32 GPT), medium (36 GPT), and rich samples (54 GPT). A single model parameterization (black line) with three loading/unloading cycles was used to fit all three experiments. As loading begins, the axial stress-strain response follows an elastic consolidation trend until the initial preconsolidation pressure is reached. Beyond this point, consolidation occurs at a faster rate due to plastic deformation, and the sample preconsolidation pressure is progressively increased. Upon unloading, the sample responds elastically. Reloading also occurs elastically until the current preconsolidation pressure is exceeded, after which plastic deformation continues as before. While it is reasonable to expect that different grade samples would possess different material properties, the data in Fig. 7 do not exhibit an obvious grade dependence within the observed grade range. was heated up to 150°C. Note that the sample exhibits significant thermal softening in both the elastic and plastic response as deviatoric load cycles are applied at increasing temperatures. Unfortunately, radial strains could not be measured during this particular experiment, and are not presented here. At 150°C, the sample is well below pyrolysis conditions and no significant conversion of kerogen is expected. Therefore, the softening behavior is likely due to simple softening of the kerogen phase at increasing temperatures. We note that the experimental observations exhibit some nonlinear elastic behavior, which we believe is primarily due to rate-dependent processes (viscous and/or poor drainage effects). These features are not captured in the current rate-independent model.
Ambient Temperature Uniaxial Experiments
Multi-Temperature Triaxial Experiment to 410°C
Figure 9 presents results for a multi-temperature triaxial experiment on a 59 GPT core heated to 410°C. Given the complicated nature of the thermal and deviatoric loading, we have presented the data as a time-history. The top panel illustrates the prescribed temperature and axial loading. The second panel shows the predicted evolution of kerogen mass fraction in the sample from our composition model. We estimate kerogen conversion begins around 24 h into the experiment as the sample is heated to 300°C, and rapidly accelerates as the sample is heated above 360°C. The third panel compares the measured and modeled axial strains. Negative strain values imply expansion. For the first 26 h, the thermal expansion of the sample as it is heated dominates the axial response. As kerogen conversion begins, however, there is a sudden softening and accumulation of compactive plastic strains. Occasional deviatoric stress pulses further the plastic compaction process. After 72 h, the sample appears to reach a steady state. The final cooling of the sample after 120 h then leads to thermal contraction. The thermoplasticity model is able to capture these major mechanisms, though there are some mismatches. Our model predicts thermal softening somewhat later than observed (at $ 40 vs. 26 h), and we assume that the thermal contraction coefficient is equal to the thermal expansion coefficient. From the data, it appears the thermal coefficient is modified by the loading (likely both thermal and mechanical processes) and so we miss the contraction slope after 120 h.
The fourth panel compares the radial response, in which a substantial mismatch is observed. While we can roughly estimate the overall strains, we miss many of the details of the radial strain profile. The radial strain response should be strongly influenced by bedding-plane anisotropy, and current work is focused on an anisotropic extension of the isotropic model used here. We hope this additional sophistication can improve the experimental match.
Pathway to an Anisotropic Extension
Given that the isotropic nature of the current model implementation is an important shortcoming, it is useful to consider a transversely isotropic framework, with material response determined by the bedding plane orientation. One strategy, based on the approach suggested in Nova (1986) , is to define an equivalent ''anisotropic'' deviatoric stress invariant,
where PðmÞ is a fourth-order tensor that depends on the bedding plane orientation m. With this alternative deviatoric stress measure, the yield surface and remainder of the model remain more-or-less identical to the isotropic version. This strategy has the effect of scaling the material strength depending on the relative orientation of the stress tensor and bedding planes. The elastic response can be similarly modified to reflect transverse isotropy.
Conclusion
The work here has presented a thermoplasticity model that is able to capture key phenomena observed in thermomechanical experiments. In particular, the model allows for both hardening due to mechanical deformation and softening due to the thermal processes. The model connects macroscopic strength behavior with microstructure evolution via a simple composition model. There are a number of avenues for future experimental and modeling work that could improve our understanding of the fundamental behavior of oil shale. On the modeling side, further effort to include anisotropy, rate-dependence, and large-deformation effects would be valuable. On the experimental side, dedicated experiments to explore the thermal consolidation behavior could better pin down the most appropriate evolution law for the preconsolidation pressure. Also, additional high temperature experiments could be designed to better understand the elastic and plastic behavior above pyrolysis conditions. A Thermoplasticity Model for Oil Shale 687
